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In certain topics in Mathematics, such as calculus, we often require to write an

. 8x+1 . 2 3
expression such as in the form

[ R ——
(2x+1)(x-1) 2x+1 x-1

2 3 Bx+1
+—— are called Partial Fractions for

2x+1 x-1 2x+1)(x-1)

The worked example shows you how to find partial fractions for the
6x+2
(x+2)(x-3)

Worked Example

expression

Find partial fractions for —-—(?'—ti—?——
(x+2)(x-3)
6x+2 A B
= + where A and B are constants
(x+2)}(x-3) x+2 x-3
A(x-3) B(x+2)

=(x+2){x~3) (x=3)x+2)
6x+2  A(x-3)+B(x+2)
Y )(x-3) (x+2)(x-3)

Hence 6x+2=A(x—3)+B(x+2) for all values of x.

A and B can be found as follows:

Select a value of x that Select a value of x that
makes the first bracket zero makes the second bracket zero
Let x = 3 (this eliminates A) Let x = — 2 (this eliminates B)
18+2=Ax0 + Bx5 —124+2=Ax(-5) + Bx0
20=5B -10=-5A
B=4 A=2
+
Therefore bx+2 _ 2 4

(x+2)(x-3) Tre2 x-3

Sx+1
(x=4)(x+3)

Find partial fractions for

(6)




A system of 3 equations in 3 unknowns can be solved by a method known as
Gaussian Elimination as shown below.

Example
Solve the system of equations x + 2y -3z = 11
by Gaussian Elimination. 2¢ + 2y - z = 11
3x - 2y + 4z = 4
A Write out the coefficients in an array:
* Rowl 1 2 -3 11
* Row 2 2 2 -1 11
* Row 3 3 -2 4 —4

B Keep Row 1 the same. Make Row 2 and Row 3 each begin with a zero
by subtracting multiples of Row 1 from them.

¢ Row 1 is kept the same 1 2 -3 11
* Row 2 becomes ‘Row 2 -2 x Row 1 0 -2 5 | -11
* Row 3 becomes Row 3-3x Row T 0 -8 13 | =37

C Keep Row 1 and Row 2 the same. Make Row 3 begin with two zeros, by
subtracting a multiple of Row 2 from it.

* Row 1is kept the same 1 2 3 11 (D
* Row 2 is kept the same 0 -2 5 | -11 ......... (2)
¢ Row 3 becomes 'Row 3 ~4 x Row 2’ 0 0o -7 7 (3)
D
* Line (3) gives TFz= T, z=-1
+ Line (2) gives -2y +5z=-11
-2y+(-b)=-11, ¥y=3
¢ Line (1) gives x+2y-3z= 11
x+6+3= 11 x=2
So the solutionisx=2,y=3,z=-1
Solve the following system of equations by x - 2y + 2z = 6
Gaussian Elimination as shown above. 3x + y - z= T
4x - y + 2z = 15 7




Diagram 1 shows the area between the line y =3

and the x-axis from x = a to x = b. If this area is
rotated through 360° about the x-axis, it forms a
solid shape (a cylinder) as shown in Diagram 2.

The volume of this solid may be obtained by
b
evaluating the integral ﬂj y?' dx.

a

Worked Example

The area between y = 2x and the x-axis fromx=1to
X =3 is rotated about the x-axis. The volume of the
solid is calculated as follows:
y=2x
y? = (2x)* = 4x*

3
;‘IJ yzdx
1

3
= EJ 4x? dx
1

- § 2]
- 36-4)

Volume = %7; unils3

(@) Use this method to find the volume of the solid

formed when the area between y = x? and the x-axis
from x = 1 to x = 2 is rotated about the x-axis.

(A) (i) Use this method to find the volume of the
golid formed when the area between

y= (4 - xz) and the x-axis fromx=0to

x =2 is rotated about the x-axis.
(ii) Hence write down the volume of a sphere
of radius 2.

y y=x2

ol 1 2 x

by = =)
2 x

(4)

(4)

(1)




EXAMPLE

@) Let f(x)=x"+5x-1.
Since f(0) =-1and f(1) =5

the equation f(x) = 0 has a root in the interval 0 < x < 1 because f(0) <0
and f(1)>0.

(ii) To find this root, the equation x> +5x-1=0 can be rearranged as
follows :

x° +5x—1=0
X +5x=1
x(x2+5)=1
1
x2+5

X =

We can write this result as a recurrence relation

X : 1
n+l =2 _
X, +5

and use it to find this root. In this example we will work to 3 decimal
places and can therefore give the final answer to 2 decimal places.

(iii) For our first estimate, x,, we use the mid-point of the interval 0 <x <1

[from part (i)].
1
1n=05  x=—1 =0-190
0-57+5
20190  xy=— 5 — =019
0-190°+5
32019  xy=—r—  =0.198
0-1997+5
x,=0-198 xs=— > —  =0.198
0-198” +5

Hence, correct to 2 decimal places, the root is x = 0-20.

(@) Show that the equation 2% +3x—1=0 has a root in the interval

(b)

0<x<05.

By using the technique described above tind this root correct to
2 decimal places.

(2)

(6)




An array of numbers such as (ﬂ

b
. d] is called a matrix. The eigenvalues of the matrix

a b
A= (c d] are defined to be the roots of the equation (a-x)(d —x)-bc=0.

13
ExamrLE | In order to find the eigenvalues of the matrix B= [ J

4 2
solve (1-x)(2-x)-4x3=0
solution: 2-3x+ xz -12=0
X —3x-10=0

(x+2)(x-5)=0
x=-2or x=5

so the eigenvalues of B are =2 and 5

3 4
(a) Find the eigenvalues of C= [2 5).

3 -1

(b) Find the value of t for which the eigenvalues of the matrix D = [f

1 ] are equal.

(3)

(5)

3 4
X X

2 5
A function f can be expressed as an infinite series by f(x)=1+x+ %5+ + 30+ 5+ s

(a) Write down the series for f{2x) as far as the term in 2.

. . 2 3 [ 5
T:;zd;l;‘;ahvf?: f{x) can be f[x)=]+x+%+%+“ﬂ+ﬁﬁ+ .........
calcu as follows: 2 3 4
so fR)=0+1+ 3+ B i B

2 3 4
- - LE Lx
= l+x + 5 + +5g Fee

]
ie. f'(x} =f(x)

() If g(x)= f(2x) find g'(x) and express it in terms of f(2x).

There is a rule known as the Product Rule which is used, as shown below, to
differentiate any product of two functions of the same variable.

The Product Rule
If P(x)=f(x).g(x), then P’(x)= f"(x).g(x)+ f(x).g"(x)

Example: Find the derivative of P(x)= x’sinx.

P(x) = x’sinx Choose  f(x)= x° and glx)= sin” x
then f(x)=2x and g'(x)=cosx

r * 2
so Px)=2x.sinx+x .cosx

) 2
P'(x)=2xsinx+x" cosx

Use the Product Rule to find the derivative of P(x)= x3 COS X

(5)




Polynomial equations often have roots which are not whole numbers.
One method of estimating the roots of such equations is to make repeated use of
the following:

If x = p is an estimate of a root of the equation f(x)=0, then x = g will will be a
f(p)
f(p)

closer estimate where §=p—

Example
One of the roots of the equation % —2x~5=0 is known to lie between 3 and 4.

We have f(x)= x2 —2x -5 and so frx)=2x-2.
f(3)

Choose p = 3 (1st estimate) then g =3 - o= 3-4=35.
Choose p = 3.5 (2nd estimate) then g=3.5- Ft(a ) =35 -05=345.
f(3.45)

Choose p = 3.45 (3rd estimate) then q =3.45 - £z =345 - A2 = 3.449.

Conclusion  The root, correct to 1 decimal place, is x = 3.4

(1) Show that the equation 2 —2x  +6x-4=0 has a root between 0 and 1.

(b) Use the method described above to find this root correct to 1 decimal place.

(3
(6)

A function fis EVEN if f(-x)= f(x)
e.g. when f(x) = xz, fis EVEN because f(-x)= (-x)’=x"= f(x).

A function fis ODD if f(-x)=—f(x)
e.g. when f(x)= xa, fis ODD because f(-x)= (—x)3 =y’ = —f(x).

(@) Given that g(x)=cosx and h(x) = sin2x, decide for each of the functions g
and h whether it is EVEN or ODD.

Justify your decisions.

.

7 7
(b) Evaluate f cosx dx and -[ sin2x dx.

(c) On separate diagrams, draw rough sketches of the graphs of y = cosx

and y =sin2x for -5 <x<7.

(d) If v(x)=xcosx, check whether the function v is EVEN or ODD and

T

2
suggest a value for j xXCosx dx.

®

2

4

(5)

2

(2)
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The vector product, ax b, of two vectors a and b is defined by

azb3 — azh, a by
axbs= ﬂgbl = ﬂ]ba where a = s and b = bz
ayby — asby a3 bs
EXAMPLE
1 -1 2x2-=3x0 4
whena = |2| and b = | 0 [then a x b = 3x(-D-1x2| =|-5
3 2 Ix0-2x(=1) 2
(2,1,1)
(@) Ifa and b are as shown in the diagram b
and ¢ = a X b, evaluate c. (3)
(31,2
(b) By considering a.c and b.c, what can be a
concluded about ¢ ? (4)

(4,1,0)

1 A B
* -2 7343
.2 A|::.+3}+B(J.'—4'_I
(2x-1)(x+3)

*°  Sx+1=A(x+3)+B(x—4)

. choose to letx=—-3 and 4 in turn
o  A=3

. B=2




1 2 116 5
o 3 1 1|7 o 2z=2,z=1
4 -1 2115
o Ty-dz=-11, y=-1
1 -2 11686
< 7
. 7 -4 -1 o x-2y+z=6, x=3
I -2 1|46
$ 07 4|1
o 7 2|9
1 -2 116
407 4fn
00 2/(2
9
(@ y2=x4 (b) y2=4—x2 () 33—25: or 2x%n
2 2
o EJ‘ x dx ‘NJ. (4—12] dx
1 0
2 ]
3 5 1
. n’-%x -L n[4x—§x ]D
' 3n (accept 195) By
@ o' f(0)=-1 and f(0-5)=0-75
> “f(0)<0 and f(05)>0" or equiv. explicitly stated
(L S,
2x"+3
¢ =025
C =032
o x¥3 =0.312 rounded to 3dp
o xy=0313 and x5=0313
& 031 correctto 2dp
(@ o (3-x)5-x)-2x4=0 ® o Box)1-x)+1=0
Z K _8x+7=0 . x2—4x+[3+t)¢0
? eigenvaluesare 1, 7 * A=0for equal roots or equiv.
7

o A=16-4x1x(3+t) orequiv.
L] t:l

1
.

2 3 4 o
I+21:+—--(2;:l +%L+T[2? +%—

o2 1+2x+2xz+§-x‘3+%x“+{§-x5
o 24dread+ 55+ 40
ot 2(1+2x+ 22 +-}x3+%x4] and 2f(2x)




jl:xj]lzx3
g(x}=cosx

frlx)= 3:)4:2 and gl(x)=-sinx

. B»Jc2 cosx
3,
. =X sSInxy
8 @ & o
o [0 -2x046x0-4=-4
1P ox1+6x1-4=1
. fl0)<0 and f(1)>0 soO<root<1
b o il = 3x? —4x+6
5 : foy
. e.g. Istest=0, 2nd est=0- ?ﬁﬁ—ﬂﬁ?
6 - (0.67)
®  3rdest=0.67- ?E‘mTﬂ
o 07936
8 B ,F({J 7936) _
08
9 (a) 1 10
*  cos(=x)=cosx © &7 sketchof g(x)=cos¥
2 .
»* g isEVEN o' sketchof h(x)=sin2x
*®  sin(-2x) = —sin(2x)
' 1 isODD
d "7 v(x) is ODD
(» o sinx W3 0
6 . o
- : =72
[sin x]__,z,_
-? —cos2x
o8 3!
.9 ["‘ cOs EX] =
10 1 -1
{a) 1 a= 2 ﬂl'ld b =| 2
-2 -1
2 substitute in the ruleforaxb
3 answer
(b) evaluate g.¢
evaluate b.c

a statement that g is perpendicular to ¢
a statement that b is perpendicular to ¢




